The concept of symmetry breaking and the emergence of corresponding local order parameters constitute the pillars of modern day many body physics [1, 2] . The theory of quantum entanglement is currently leading to a paradigm shift in understanding quantum correlations in many body systems and in this work we show how symmetry breaking can be understood from this wavefunction centered point of view. We demonstrate that the existence of symmetry breaking is a consequence of the geometric structure of the convex set of reduced density matrices of all possible many body wavefunctions. The surfaces of those convex bodies exhibit non-analytic behavior in the form of ruled surfaces, which turn out to be the defining signatures for the emergence of symmetry breaking and of an associated order parameter.
The concept of symmetry breaking and the emergence of corresponding local order parameters constitute the pillars of modern day many body physics [1, 2] . The theory of quantum entanglement is currently leading to a paradigm shift in understanding quantum correlations in many body systems and in this work we show how symmetry breaking can be understood from this wavefunction centered point of view. We demonstrate that the existence of symmetry breaking is a consequence of the geometric structure of the convex set of reduced density matrices of all possible many body wavefunctions. The surfaces of those convex bodies exhibit non-analytic behavior in the form of ruled surfaces, which turn out to be the defining signatures for the emergence of symmetry breaking and of an associated order parameter.
We illustrate this by plotting the convex sets arising in the context of three paradigmatic examples of many body systems exhibiting symmetry breaking: the quantum Ising model in transverse magnetic field [3] , exhibiting a second order quantum phase transition; the classical Ising model at finite temperature in two dimensions [4] , which orders below a critical temperature Tc; and a system of free bosons at finite temperature in three dimensions, exhibiting the phenomenon of Bose-Einstein condensation together with an associated order parameter ψ [5] . Remarkably, these convex sets look all very much alike. We believe that this wavefunction based way of looking at phase transitions demystifies the emergence of order parameters and provides a unique novel tool for studying exotic quantum phenomena.
Ground states of quantum many body Hamiltonians composed of local interactions are very special: they have extremal local correlations, hence minimizing the energy expectation value, but those correlations must be compatible with the global symmetry of the many body Hamiltonian such as translational invariance. The competition between those two requirements is responsible for the emergence of the typical long-range properties as exhibited in strongly correlated materials. This is best illustrated by the Heisenberg spin-1/2 antiferromagnet: the energy would be minimized if all nearest neighbor reduced density matrices were singlets, but due to the monogamy properties of entanglement [6, 7] , this is not compatible with the translational invariance of the ground state. Hence the symmetry requirements smear the entanglement out into a globally entangled state with (quasi) long range order.
This competition is clearly reflected in the convex set of the reduced density matrices of all possible pure and mixed quantum many body density matrices 1 . Let us for example consider a lattice of spin-1/2 quantum systems, take random quantum states ρ α , and make a scatter plot of the expectation values Z ≡ Tr (ρ α i Z i ) and XX ≡ Tr ρ α <ij> X i X j , where the sum is over nearest neighbors; as those terms do not commute, a large expectation value XX will lead to a small expectation value Z , giving rise to a curved boundary. Due to the convexity of the set of density matrices ρ α , the generated body is also convex and its extreme points clearly correspond to ground states of quantum Ising Hamiltonians of the form
Indeed, surfaces of constant energy are represented by lines in this scatter plot, with the distance of those lines to the origin proportional to the energy. Hence the expectation values of the states with minimal energy must correspond to the points for which the lines are tangent to the convex set.
The situation becomes much more interesting when we add an extra axis corresponding to the expectation value of i X i to the scatter plot (see Fig. 1 ). We witness the emergence of a ruled surface, which turns out to be the defining signature for symmetry breaking. Indeed, the existence of a ruled surface, with all lines parallel to the new axis, shows that all states on such a line have the same energy with respect to the corresponding tangent Hamiltonian. A tiny perturbation of the form of a longitudinal magnetic field i X i will break the symmetry, and make sure that the magnetization of the ground state will be polarized in the x-direction with a magnitude given by the extreme points on the convex set. This is obviously the order parameter, and the shape of the border of the ruled surface encodes all the information about the ground state expectation values such as the order parameter as a function of the magnetic field.
The extreme points of the convex sets plotted in Fig. 1 correspond to the ground states of the quantum Ising model in zero, one and infinite dimensions. We observe three remarkable but obvious facts. First, the convex set of the zero-dimensional case completely contains the one-dimensional set, which in turn completely contains the infinitedimensional case. Second, the ruled surfaces only arise in the thermodynamic limit, hence demonstrating the need for the well known fact that the order parameter is obtained by first taking the limit of the system size to infinity and only then the longitudinal magnetic field to zero. Third, we can read off the critical exponents by investigating the geometry of the convex set around the critical point 2 . More generally, any thermodynamic property of the system such as susceptibilities can be read off from this convex set, hence demonstrating the power of making such a random scatter plot.
The general features of the plots in Fig. 1 are clearly generic for second order phase transitions. Note that in the case of first order phase transitions, one would not even need to add an extra axis (corresponding to the order parameter) to witness a ruled surface, and this would already be present at finite size (see [10] for an example). Note also that pictures of such convex sets have appeared in the context of the N -representability problem in quantum chemistry [11, 12] and in the context of discussions on the monogamy of entanglement [10] , but the relation to symmetry breaking was missed as the extra axis corresponding to the order parameter was not considered.
A natural question is whether a similar picture emerges in the case of classical statistical physics. As opposed to the non-commutativity of the terms in a quantum Hamiltonian, classical phase transitions emerge as a consequence of the competition between the energy E and the entropy S in the free energy F = E − T S. As the free energy is a linear functional of energy and entropy, we expect similar convex sets as for the quantum case when we make a scatter plot with respect to all possible probability distributions of the expectation value of the energy, the entropy and the order parameter (see Fig. 2 for the classical two-dimensional Ising case). Remarkably, we obtain exactly the same picture as for the quantum case! The extreme points of the convex set correspond to expectation values for Gibbs states. Note also that pictures involving temperature and/or pressure on the axis do not make sense in our setting, as those quantities are not defined for general probability distributions out of equilibrium.
As a final example, let us consider a 3D quantum system of free bosons in the continuum at finite temperature. As is clear by now, we should plot the expectation value of the kinetic energy, the entropy, and the order parameter with respect to all possible wavefunctions to get a meaningful convex structure (see Fig. 3 ). The existence of a U (1) symmetry breaking order parameter ψ beautifully emerges in this picture, including the information about the related critical exponents and all other thermodynamic properties of Bose-Einstein condensation.
In conclusion, we investigated the convex structure of reduced density matrices of quantum many body systems and statistical mechanical models and illustrated how the concept of symmetry breaking emerges very naturally through the appearance of ruled surfaces at the boundaries of these sets. This picture seems to capture all the thermodynamically relevant features of many body systems in an extremely concise way. It would therefore be very interesting to classify all possible ruled surfaces that can arise on such convex sets.
Our work is very close in spirit to the original groundbreaking papers of Gibbs from the 1870's [13, 14] , which clarified that phase transitions and the coexistence of different phases can be understood in terms of non-analyticities in the parametrization of the surface of thermodynamic diagrams. It also complements the ideas developed in [15, 16] , where a systematic procedure for finding order parameters was developed by contrasting the reduced density matrices of the low-lying excited states in finite size quantum many body systems. Note however that the starting point of our work is very different: in principle, we make no reference to a Hamiltonian, and just make a scatter plot with respect to all possible many body wavefunctions and/or probability distributions. Finally, the works [17, 18] reported on the convex structure of expectation values of separable density matrices; in retrospect, those are the convex sets obtained in the mean-field regime of an infinite-dimensional lattice, as illustrated in Fig. 1(a) .
One remaining open question is how topological phase transitions in the ground states of two-and higher-dimensional quantum systems fit in this description, as these cannot be characterized in terms of local order parameters. The tensor network description of quantum states might yield one possible resolution, as the topological order induces certain symmetries of the virtual boundary theory of the tensor network [19] [20] [21] . Topological phase transitions then correspond to symmetry-breaking phase transitions in the virtual boundary theory [22] , i.e. in the structure of the 2 In the one-dimensional case, the dependence of XX , Z and X on the magnetic field Bz in the symmetry broken phase slightly below the critical point Bz/J = 1 − ε with ε 1 can be recovered from the orientation of the tangent plane as
fixed-point subspace of the transfer matrix of the tensor network. These transitions can thus be characterized in terms of a local order parameter at the virtual level of the tensor network [23] . By bringing this virtual operator back to the physical level, it can be associated to the non-local string order parameters that characterize the topological phase [24] . . Blue lines represent data points with fixed Bx and varying Bz. Set (a) was numerically obtained using semidefinite programming: as a consequence of the monogamy properties of entanglement [6, 7] and the quantum de Finetti theorem [25] , this set is equivalent to the convex set generated by all separable states [10, 17, 18] . For this particular case of two S = 1/2 spins, separability is completely determined by semidefinite constraints [26, 27] . Set (b) was obtained by doing extensive variational matrix product state calculations [28] , while set (c) was obtained by exact diagonalization on a system of 2 qubits. In (b), the black line corresponds to the exact solution for Bx = 0 [3] and points (A) and (A ) mark critical points, where at (A) a ruled surface (green) emerges, signaling a degeneracy of the ground state which leads to symmetry breaking and a finite value of the order parameter X even at Bx = 0, with a critical exponent of 1/8 (see main text). The corresponding order parameter for the critical point (A ) is the staggered magnetization (−1) i Xi and we therefore would need to add another axis to observe the corresponding ruled surface. In all three cases, the red line corresponds to J = 0 and thus separates regimes of ferromagnetic (J > 0) and antiferromagnetic (J < 0) coupling. Especially in (a) this line marks the boundary of the green ruled surface, which implies that there is symmetry breaking for all J > 0 in d → ∞ spatial dimensions. In all three sets, point (B) marks the endpoint of a bifurcation line corresponding to J = −1, Bx = 2 and Bz → 0 + , which leads up to a top plane (blue), where the ground state degeneracy is exponential and given by the Fibonacci sequence for d = 1, where the edge of this plane corresponds to ground states of the Ising Hamiltonians projected onto this Fibonacci subspace Hp = i (1 + Xi−1) (αZi + β (Xi − 1)) (1 + Xi+1). This plane has the same orientation but slightly different boundaries in all three cases. Note that the surface of (b) lies in between the surfaces of the two extremal cases (a) and (c). Any set obtained for a finite one-dimensional chain of N qubits would look similar to (c). With increasing N the surfaces of these sets will be gradually deformed to asymptotically yield the surface of set (b) as N → ∞, i.e. only in this limit will the green ruled surface emerge. Convex set of the average nearest neighbor correlation function zizj , the entropy per site S, and the expectation value of the magnetization per site zi for all possible probability distributions of classical spin configurations on an infinite 2D square lattice. The surface of extreme points corresponds to Gibbs states of the classical isotropic Ising model on a square lattice, given by E = −J <i,j> zizj − h i zi, for a range of values of the interaction strength J, the magnetic field h and temperature T . Using tensor network state techniques [29, 30] both the free energy per site F and local expectation values of Gibbs states can easily be computed, from which the entropy is evaluated as S = (E − F )/T . The blue lines correspond to points with constant magnetic field h and varying temperature T , while the red line corresponds to zero Ising interaction and thus separates the ferromagnetic (J > 0) from the antiferromagnetic (J < 0) regime. The black line represents the exact solution of the ferromagnetic model in zero magnetic field [4] . Beyond the critical point (A) an emerging ruled surface (green) again signals symmetry breaking. Just as in the quantum Ising case, the bifurcation point (B) with parameters J = −1 and h = 4 gives rise to an exponentially degenerate lowest-energy state with a non-zero value of the entropy as T → 0. 
